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THE HOMOTOPY CLASSIFICATION OF PROPER FREDHOLM MAPS
OF INDEX ONE
ALBERTO ABBONDANDOLO AND THOMAS ROT
Abstract. In a previous paper we classified the homotopy classes of proper Fredholm maps
from an infinite dimensional Hilbert manifold to its model space in terms of a suitable version
of framed cobordism. We explicitly computed these homotopy classes for non-positive index.
In this paper we compute the homotopy classes of proper Fredholm maps of index one from
a simply connected Hilbert manifold to its model space. This classification uses a new
numerical invariant for proper Fredholm maps of index one.
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Introduction
Consider a real separable and infinite dimensional Hilbert space H. The space of Fredholm
operators on H of index n is denoted by Φn(H).
By Hilbert manifold we mean here a connected paracompact smooth manifold modeled
on H. A smooth map f : M → N between Hilbert manifolds is called Fredholm of index n
if its differential at every point is a Fredholm operator of index n. All the Fredholm maps
we consider in this paper are tacitly assumed to be smooth. By Kuiper’s theorem [10], the
general linear group of H is contractible and hence the tangent bundle of any Hilbert manifold
is trivial. By fixing trivializations of the tangent bundles of M and N , the differential of a
Fredholm map f :M → N of index n can be seen as a map
df :M → Φn(H).
A Fredholm homotopy between Fredholm maps f, g :M → N of index n is a smooth homotopy
between f and g that is Fredholm, necessarily of index n + 1. In this case, we say that f
and g are Fredholm homotopic. If the Fredholm maps f, g :M → N of index n are Fredholm
homotopic, then f and g are homotopic as continuous maps and their differentials
df, dg :M → Φn(H)
2010 Mathematics Subject Classification. 58B05, 58B15, 57R90, 47A53, 47H11.
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are also homotopic. The converse is also true: Any two Fredholm maps of index n are Fred-
holm homotopic if and only if they are homotopic as continuous maps and their differentials
are homotopic as maps from M to Φn(H), see [6, Proposition 2.24] and [2, Theorem 1]. Note
that Φn(H), unlike the space of linear mappings between finite dimensional vector spaces, has
a non-trivial topology, and its homotopy groups are given by Bott’s periodicity theorem, see
Section 1 below.
The question of the homotopy classification of Fredholm maps becomes more interesting,
and definitely non-trivial, if one adds the requirement that maps and homotopies should be
proper, meaning that the inverse image of any compact set is compact. This is the question
we are addressing here, in the special case in which the target space N is the model Hilbert
space H. We denote by
Fpropn [M,H]
the space of equivalence classes of proper Fredholm maps f :M → H of index nmodulo proper
Fredholm homotopies. Building on classical results of Elworthy and Tromba from [6], in [2,
Theorem 2] we constructed a bijection between Fpropn [M,H] and a suitable version of framed
cobordism. See also [12, 8, 4] for related results on the homotopy classification of proper
Fredholm maps between Banach spaces whose differential takes values into some contractible
subspace of the space of Fredholm operators, such as the space of compact perturbations of
the identity. We refer to Section 2 below for the relevant definitions and for the statements
of the results from [2] that are needed here. In the case of negative index n < 0, the bijection
mentioned above shows that Fpropn [M,H] is in one-to-one correspondence with the space of
homotopy classes [M,Φn(H)], as in the non-proper case, see [2, Theorem 3]. For n = 0,
Fprop0 [M,H] is completely determined in terms of [M,Φn(H)] and of a suitable degree, see [2,
Theorem 4].
The aim of this paper is to deal with the case n = 1 and determine Fprop1 [M,H] under
the assumption that M is simply connected. In the remaining part of this introduction, we
assume the Hilbert manifold M to be simply connected. Recall that π2(Φ1(H)) = Z2. A map
A :M → Φ1(H) is said to be orientable if the homomorphism
π2(A) : π2(M)→ π2(Φ1(H)) = Z2
is trivial. This notion is homotopy invariant, and hence the set of homotopy classes of maps
from M to Φ1(H) decomposes as
[M,Φ1(H)] = [M,Φ1(H)]or ⊔ [M,Φ1(H)]no,
where the first set denotes the set of orientable homotopy classes and the second one the set
of non-orientable ones. The Fredholm map f : M → H of index one is said to be orientable
if df is orientable.
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The space of orientable proper Fredholm maps f : M → H of index one possesses a Z2-
valued invariant τ . The definition of τ builds on the fact that
π2(Φ1(H),Φ
0
1(H)) = Z2,
where Φ01(H) denotes the subset of Φ1(H) consisting of surjective operators. If y ∈ H is a
regular value of f , then f−1(y) is a compact one-dimensional submanifold of M , i.e. a finite
set of embedded circles. If S is one of these circles, by the fact that M is simply connected
we can consider a disk D ⊂ M with boundary S. Since y is a regular value, df maps S into
Φ01(H) and hence the restriction of df to the disk D defines an element
σ(S, df) := [df |(D,S)] ∈ π2(Φ1(H),Φ
0
1(H)) = Z2.
Equivalently, σ(S, df) can be defined as the unoriented intersection number of the map df |D
with the set Φsing1 (H) := Φ1(H) \ Φ
0
1(H) of non-surjective Fredholm operators of index one,
which forms a variety of codimension two in Φ1(H). As the notation suggests, σ(S, df) does
not depend on the choice of the capping disk D, due to the fact that f is assumed to be
orientable. We define τ(f) ∈ Z2 to be the number modulo two of connected components S of
f−1(y) such that σ(S, df) = 0. The number τ(f) is independent on the choice of the regular
value y and turns out to be invariant under proper Fredholm homotopies. The main result
of this paper is that the invariant τ , together with the space [M,Φ1(H)], completely classifies
the set of homotopy classes of proper Fredholm maps of index one.
Theorem 1. Let M be a simply connected Hilbert manifold. Then the proper Fredholm
maps f, g :M → H of index one are homotopic through a proper Fredholm homotopy if and
only if the following conditions are satisfied.
(i) The maps df, dg :M → Φ1(H) are homotopic.
(ii) If f and g are both orientable, then τ(f) = τ(g). If f and g are not orientable, then no
further condition is necessary.
Furthermore, the map
f 7→
{
([df ], τ(f)) if f is orientable,
[df ] if f is not orientable,
induces a bijection
Fprop1 [M,H]
∼= ([M,Φ1(H)]or × Z2) ⊔ [M,Φ(H)]no.
The above result should be compared to the following standard consequence of classical
Pontryagin framed cobordism: IfM is a simply connected (n+1)-dimensional closed manifold
with n ≥ 3 then [M,Sn] has at most two elements, and if furthermore π2(M) = 0 then
[M,Sn] ∼= Z2 (see e.g. [9, p. 185]). The case of a general (n+ 1)-dimensional closed manifold
M with n ≥ 3 is more complicated and was solved by Steenrod by introducing the algebra
that is named after him, see [14].
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Let us give a closer look at the particular case M = H. Since H is contractible, [H,Φ1(H)]
has only one class, consisting of orientable maps. Then Theorem 1 tells us that Fprop1 [H,H]
has two elements, which are distinguished by the invariant τ . Let us exhibit one proper
Fredholm map of index one in each of these two homotopy classes, by identifying H with ℓ2,
the space of square summable real sequences. The first one is the map
f : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (u
2
1 + u
2
2, u3, u4, . . . ).
The map f is proper, Fredholm of index one and satisfies τ(f) = 0 because the inverse image
of the vector −e1 = (−1, 0, 0, . . . ) is empty. In order to exhibit a map g with τ(g) = 1, we
consider the smooth proper map
g0 : C
2 → C× R ∼= R3, (z1, z2) 7→ (2z1z¯2, |z1|
2 − |z2|
2).
This map sends S3 to S2 and restricts to the Hopf fibration on S3. It lifts to a map
g : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→
(
g0(u1 + iu2, u3 + iu4), u5, u6, . . .
)
,
which is proper and Fredholm of index one. The vector e3 = (0, 0, 1, 0, . . . ) is a regular value
for g and its inverse image is the circle
g−1(e3) = {(u1, u2, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 = 1}.
This circle can be capped by a disk that is contained in the three-sphere
{(u1, u2, u3, u4, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 + u
2
3 + u
2
4 = 1},
and hence consists of regular points for g. This implies that σ(g−1(e3), dg) = 0 and hence
τ(g) = 1. Theorem 1 implies that any proper Fredholm map of index one from H to H is
proper Fredholm homotopic to either f or g. In the latter case, it must be surjective.
The paper is organized as follows. In Section 1 we discuss the topology of the spaces Φ1(H)
and Φ01(H). In Section 2 we recall the notion of framed cobordism that we introduced in [2],
together with the main theorem of that paper and some other useful results. In Section 3
we rigorously define the function τ and show that it is invariant under framed cobordism. In
Section 4 we study three important examples, two of them being the maps f and g that we
have introduced above. These examples will be used as normal forms in order to construct
explicit framed cobordisms. Section 5 is devoted to the reduction of some one-dimensional
framed submanifolds of ℓ2 to the model cases introduced in Section 4. In section 6 we show
how to eliminate certain circles from a one-dimensional framed submanifold of M and how
to build framed cobordisms between simple one-dimensional framed submanifolds. Theorem
1 is proved in Section 7. In Appendix A we show that the space Φsingn (H) of non-surjective
Fredholm operators of index n ≥ 0 is stratified by finite-codimensional submanifolds and we
prove a related transversality result.
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1. A few facts about the topology of Φ1(H) and some relevant subspaces
Let H be a separable infinite dimensional real Hilbert space. We denote by Φ(H) the space
of linear Fredholm operators on H and by Φn(H) the connected component consisting of
operators of index n, for n ∈ Z. Occasionally, we will need to consider the space of Fredholm
operators of index n from a Hilbert space H1 to a Hilbert space H2, and we will denote this
space by Φn(H1,H2).
Bott periodicity theorem from [5] can be interpreted as a computation of the homotopy
groups of Φn(H), for any integer n, see [3]. For i > 0 they are given by
πi(Φn(H)) =

Z if i ≡ 0, 4 mod 8,
Z2 if i ≡ 1, 2 mod 8,
0 if i ≡ 3, 5, 6, 7 mod 8.
The spaces Φn(H) are the bases of a real line bundle that is known as the determinant bundle
det→ Φn(H),
whose fibers are the one-dimensional spaces
det(A) := Λmax(kerA)⊗ Λmax(cokerA)∗, ∀A ∈ Φn(H),
where Λmax(V ) denotes the top degree component of the exterior algebra of the finite dimen-
sional real vector space V , see [11] and [1]. This line bundle is non-trivial and a closed curve
A : S1 → Φn(H) is a generator of π1(Φn(H)) = Z2 if and only if the pull-back A
∗ det is the
non-trivial line bundle over S1.
We now specialize the attention to the space Φ1(H). The subset
Φ01(H) := {A ∈ Φ1(H) | A is surjective}
is open in Φ1(H). The map
p : Φ01(H)→ Gr1(H), A 7→ kerA,
onto the Grassmannian of one-dimensional subspaces of H is a fiber bundle and its fibers
p−1(L) = {A ∈ Φ01(H) | kerA = L}
= {A ∈ Φ1(H) | A|L = 0 and A|L⊥ : L
⊥ → H is an isomorphism} ∼= GL(H)
are contractible, thanks to Kuiper’s theorem, see [10]. Therefore, p is a homotopy equivalence
and Φ10(H) has the homotopy type of Gr1(H), that is, of BO(1) or RP
∞, and its only non-
vanishing homotopy group is the first one:
π1(Φ
0
1(H)) = Z2.
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The long exact sequence in homotopy associated to the pair (Φ1(H),Φ
0
1(H)) is
0 Z2 Z2 Z2
. . . // π2(Φ
0
1(H))
// π2(Φ1(H))
π2(j)
// π2(Φ1(H),Φ
0
1(H))
∂1
// π1(Φ
0
1(H))
π1(i)
// π1(Φ1(H)) // . . .
(1)
where j and i denote the inclusions. The map π1(i) is an isomorphism as the inclusion
i : Φ01(H) →֒ Φ1(H)
pulls back the determinant line bundle over Φ1(H) to the tautological bundle over Φ
0
1(H) ≃
BO(1), which is non-trivial. It follows that the homomorphism ∂1 is trivial,
π2(Φ1(H),Φ
0
1(H)) = Z2, (2)
and π2(j) is an isomorphism. The above exact sequence continues as follows
Z2 Z2 0
. . . // π1(Φ
0
1(H))
π1(i)
// π1(Φ1(H)) // π1(Φ1(H),Φ
0
1(H))
∂0
// π0(Φ
0
1(H))
// . . .
so the fact that π1(i) is an isomorphism implies that
π1(Φ1(H),Φ
0
1(H)) = 0. (3)
Denote by D the unit disk in C ∼= R2 and by ∂D ∼= S1 its boundary. Equation (2) tells us
that there are precisely two homotopy classes of maps from (D, ∂D) to (Φ1(H),Φ
0
1(H)). Let
us explain how to distinguish them by the intersection number with the set
Φsing1 (H) := Φ1(H) \ Φ
0
1(H)
of non-surjective Fredholm operators of index one. The proofs of the facts that we state below
are standard, but for the sake of completeness are given in Appendix A. The set Φsing1 (H) is
closed in Φ1(H) and has the stratification
Φsing1 (H) =
⊔
j≥1
Φj1(H),
where
Φj1(H) := {A ∈ Φ1(H) | dimcokerA = j}.
The set Φj1(H) is a submanifold of Φ1(H) of codimension j(j+1) and for each h ≥ 0 the union⋃
j≥h
Φj1(H)
is closed in Φ1(H).
Now let Σ be a compact two-dimensional manifold with boundary and
F : (Σ, ∂Σ)→ (Φ1(H),Φ
0
1(H))
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a continuous map. Since
codimΦj1(H) ≥ 6 > dimΣ ∀j ≥ 2,
we can perturb F within its homotopy class and assume that F is smooth, does not meet
Φj1(H) for any j ≥ 2 and is transverse to the submanifold Φ
1
1(H), which has codimension two.
In this case the set
F−1(Φsing1 (H)) = F
−1(Φ11(H))
consists of finitely many interior points of Σ and the intersection number
η(F,Φsing1 (H)) ∈ Z2
is defined to be the number of these points modulo two. Note that an integer-valued inter-
section number cannot be defined, even if Σ is assumed to be oriented, because the normal
bundle of Φ11(H) in Φ1(H) is not orientable.
Standard arguments show that η(F,Φsing1 (H)) does not depend on the smooth and trans-
verse perturbation of F and that it is a homotopy invariant, meaning that it descends to a
map on [
(Σ, ∂Σ), (Φ1(H),Φ
0
1(H))
]
.
The next result says that the intersection number with Φsing1 (H) distinguishes the elements
in π2(Φ1(H),Φ
0
1(H)) and π2(Φ1(H)).
Lemma 1.1. In the particular case of a map
F : (D, ∂D)→ (Φ1(H),Φ
0
1(H)), resp. F : S
2 → Φ1(H),
we have that
η(F,Φsing1 (H)) ∈ Z2 (4)
coincides with the element
[F ] ∈ π2(Φ1(H),Φ
0
1(H)) = Z2, resp. [F ] ∈ π2(Φ1(H)) = Z2. (5)
Proof. We first deal with the case of maps from (D, ∂D) to (Φ1(H),Φ
0
1(H)). Since both
elements are homotopy invariants, it is enough to check the equality for one map in each of
the two homotopy classes in[
(D, ∂D), (Φ1(H),Φ
0
1(H))
]
= π2(Φ1(H),Φ
0
1(H)) = Z2.
By choosing F to be a constant map into Φ01(H), we obtain the equality of (4) and (5) for the
trivial homotopy class. It suffices then to exhibit a map
F : (D, ∂D)→ (Φ1(H),Φ
0
1(H))
such that
η(F,Φsing1 (H)) = 1,
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because by the homotopy invariance of the intersection number, [F ] must be the non-trivial
element in π2(Φ1(H),Φ
0
1(H)). The existence of such a map F is established in the example
below, which will be useful also later on.
The case of a map from S2 to Φ1(H) follows from the previous case: Also here, it is enough
to show the existence of a map F ′ : S2 → Φ1(H) with η(F
′,Φ1(H)) = 1. Let F : (D, ∂D) →
(Φ1(H),Φ
0
1(H)) be such that η(F,Φ
sing
1 (H)) = 1. Since the boundary homomorphism ∂1 in
(1) vanishes, the loop F |∂D can be capped by a disk in Φ
0
1(H), and gluing this disk to F we
obtain a map F ′ : S2 → Φ1(H) with η(F ′,Φsing1 (H)) = 1. 
Example 1.2. Identify H with the Hilbert space ℓ2 of square summable real sequences.
Consider the smooth map
F : D→ Φ1(ℓ
2)
that is defined as follows: For every (x, y) ∈ D we define F (x, y) to be the Fredholm operator
of index one
F (x, y) : (v1, v2, v3, . . . ) 7→ (xv1 + yv2, v3, v4, . . . ).
The kernel of F (x, y) is one-dimensional for every (x, y) 6= (0, 0), whereas
F (0, 0) : (v1, v2, v3, . . . ) 7→ (0, v3, v4, . . . ) (6)
has a two-dimensional kernel. Therefore, F meets Φsing1 (ℓ
2) only at (0, 0), and F (0, 0) belongs
to Φ11(ℓ
2). Let us check that F meets Φ11(ℓ
2) transversally at (0, 0). By (6) and the formula
given in Proposition A.1 in Appendix A, the tangent space of Φ11(ℓ
2) at F (0, 0) is
TF (0,0)Φ
1
1(ℓ
2) = {A ∈ L(ℓ2) | 〈Ae1, e1〉 = 〈Ae2, e1〉 = 0}, (7)
where L(ℓ2) denotes the space of bounded linear operators on ℓ2 and 〈·, ·〉 the scalar product
of ℓ2. The image of the differential of F at (0, 0) is the two-dimensional plane spanned by the
operators
∂xF (0, 0) : (v1, v2, v3, . . . ) 7→ (v1, v3, v4, . . . ),
∂yF (0, 0) : (v1, v2, v3, . . . ) 7→ (v2, v3, v4, . . . ),
and one readily checks that this plane has trivial intersection with the subspace (7). Therefore,
F meets Φ11(ℓ
2) transversally at (0, 0) and
η(F,Φsing1 (H)) = [F ] = 1.
Remark 1.3. Consider two maps
F0, F1 : (D, ∂D)→ (Φ1(H),Φ
0
1(H)),
such that F0|∂D = F1|∂D. The maps F0 and F1 are homotopic through a homotopy H such
that H(t, ·) = F0 = F1 on ∂D for every t ∈ [0, 1] if and only if the intersection numbers of
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F0 and F1 with Φ
sing
1 (H) coincide. Indeed, F0 and F1 can be glued along the boundary and
produce the map F : S2 → Φ1(H) given by
F (x, y, z) :=
F0(x, y) if z ≥ 0,F1(x, y) if z ≤ 0,
which satisfies
η(F,Φsing1 (H)) = η(F0,Φ
sing
1 (H)) + η(F1,Φ
sing
1 (H)).
By Lemma 1.1, the map F is nullhomotopic if and only if the intersection numbers of F0 and
F1 with Φ
sing
1 (H) coincide. In this case, F extends over the ball and the map
H : [0, 1] × D→ Φ1(H), (t, x, y) 7→ F
(
x, y, (1 − 2t)
√
1− x2 − y2
)
,
is a homotopy from F0 to F1 such that H(t, ·) = F0 = F1 on ∂D for every t ∈ [0, 1].
We conclude this section by the following result about maps on the annulus.
Lemma 1.4. Let Σ := [0, 1] × S1 and
F0, F1 : (Σ, ∂Σ)→ (Φ1(H),Φ
0
1(H))
be maps such that the loops F0(0, ·), F0(1, ·), F1(0, ·) and F1(1, ·) are null-homotopic in Φ
0
1(H).
Then F0 and F1 are homotopic if and only if
η(F0,Φ
sing
1 (H)) = η(F1,Φ
sing
1 (H)). (8)
Proof. The necessity of condition (8) is clear because the intersection number is a homotopy
invariant. Now assume that (8) holds. Consider the map F0. Thanks to the condition on the
boundary loops, up to a first homotopy we can assume that
F0(0, z) = A0 and F0(1, z) = A1 ∀z ∈ S
1,
for some given A0, A1 ∈ Φ
0
1(H). Fix some z0 ∈ S
1. Thanks to (3), up to a second homotopy
we can assume that F0(s, z0) belongs to Φ
0
1(H) for every s ∈ [0, 1]. Set
Γ :=
(
{0, 1} × S1
)
∪
(
[0, 1] × {z0}
)
.
It is easy to construct a homotopy
H : [0, 1] × Γ→ Φ01(H)
such that H(0, ·) = F0(·) and H(1, ·) is constantly equal to A0: Just define
H(t, s, z0) := F0((1 − t)s, z0), H(t, 0, z) := A0, H(t, 1, z) := F0(1− t, z0),
for every (t, s) ∈ [0, 1]2 and z ∈ S1. Setting H(0, ·) = H0 on the whole Σ and extending H to
[0, 1] × Σ we obtain a homotopy
H : ([0, 1] × Σ, [0, 1] × ∂Σ)→ (Φ1(H),Φ
0
1(H))
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that connects F0 to a map that is constantly equal to A0 on Γ. Up to replacing F0 by H(1, ·),
we may assume that F0 has the latter property. Similarly, we may assume that also F1 is
constantly equal to A0 on Γ. The quotient space Σ/Γ is a two-sphere S
2. Denote by
p : Σ→ S2
the quotient map and by γ ∈ S2 the image of Γ by p. Being constant on Γ, both F0 and F1
factorize through p:
F0 = F˜0 ◦ p and F1 = F˜1 ◦ p
for some maps F˜0, F˜1 : S
2 → Φ1(H) mapping γ into A0. By construction
η(F˜0,Φ
sing
1 (H)) = η(F0,Φ
sing
1 (H)) and η(F˜0,Φ
sing
1 (H)) = η(F0,Φ
sing
1 (H)).
Therefore, assumption (8) and Lemma 1.1 imply that F˜0 and F˜1 are homotopic through a
homotopy that is constantly equal to A0 on [0, 1] × {γ}. By right composition with p we
obtain the desired homotopy between F0 and F1. 
Remark 1.5. Note that, unlike the case of maps from the disk discussed in Remark 1.3, the
intersection number with Φsing1 (H) is not the only obstruction for two maps
F0, F1 : (Σ, ∂Σ)→ (Φ1(H),Φ
0
1(H))
satisfying the assumptions of Lemma 1.4 and F0|∂Σ = F1|∂Σ to be homotopic through a
homotopy fixing the boundary. Indeed, the fact that π1(Φ
0
1(H))
∼= π1(Φ1(H)) is non-trivial
produces a second obstruction: Consider a path
F : [0, 1]→ Φ01(H)
satisfying F (0) = F (1) that is not contractible with fixed ends in Φ01(H) and define the maps
F0 and F1 to be
F0(x, y) := F (0) = F (1), F1(x, y) = F (x) ∀(x, y) ∈ Σ = [0, 1] × S
1.
These maps coincide on ∂Σ, satisfy the assumptions of Lemma 1.4 and have both intersection
number zero with Φsing1 (H). However they are not homotopic through a homotopy H such
that H(t, ·) = F0 = F1 on ∂Σ for every t ∈ [0, 1].
2. Framed cobordism on Hilbert manifolds
In this section, we recall some of the main definitions and results from [2] and we add a
few notions and statements that will be useful in the following sections. By Hilbert manifold
we mean in this paper a connected paracompact smooth manifold modeled on the Hilbert
space H. A smooth map f : M → N between the Hilbert manifolds M and N is said to be
Fredholm of index n if its differential at every point is a Fredholm operator of index n. Since
the general linear group of H is contractible, the tangent bundles of M and N are trivial.
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By fixing trivializations of these bundles, we can see the differential of the Fredholm map
f :M → N of index n as a map
df :M → Φn(H).
The map f : M → N is said to be proper if f−1(K) is compact for any K ⊂ N compact.
The symbol Fpropn [M,N ] denotes the space of equivalence classes of proper Fredholm maps
from M to N modulo proper Fredholm homotopies. Note that a Fredholm homotopy h :
[0, 1] ×M → N between two Fredholm maps of index n has index n+ 1. Note also that the
properness assumption on h is stronger than asking each map h(t, ·) :M → N to be a proper
map (a good example is the map h : [0, 1] × R → R given by h(t, x) = tx2 + x, which is not
proper but restricts to a proper map on {t} ×R for every t ∈ [0, 1]).
From now on, we fix a trivialization of the tangent bundle of the Hilbert manifold M
and choose the target manifold N to be the model Hilbert space H. All Fredholm maps
and Fredholm homotopies are assumed to be smooth. In the following definition, we see the
empty set as a submanifold of M of arbitrary dimension n ∈ Z. If n < 0, this is the only
submanifold of dimension n.
Definition 2.1. Let n ∈ Z and X ⊂M be a compact submanifold of dimension n. A framing
of X is a continuous map
A :M → Φn(H)
such that kerA(x) = TxX for every x ∈ X. The pair (X,A) is called framed submanifold of
dimension n of M .
Framed submanifolds are always assumed to be compact. Note that, unlike in the finite
dimensional Pontryagin framed cobordism theory, here framings are assumed to be defined
on the whole M and not just on the submanifold X. The reason for this is that the space
of Fredholm operators Φn(H) has a non-trivial topology, so maps from X to Φn(H) do not
necessarily extend to M .
If f :M → H is a proper Fredholm map of index n and y ∈ H is a regular value of f , then
the pair
(f−1(y), df)
is an n-dimensional framed submanifold of M . Note that the regular values of f form a dense
subset of H by the Sard-Smale theorem, see [13]. The above pair is called Pontryagin framed
manifold of f .
We denote by
SL : R⊕H→ H, (s, v) 7→ v,
SR : H→ R⊕H, v 7→ (0, v),
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the left and right shifts, which are Fredholm operators of index 1 and −1, respectively. Their
action by composition defines maps
S∗L : Φn(H)→ Φn+1(R⊕H,H), S
∗
LA := ASL,
S∗R : Φn+1(R⊕H,H)→ Φn(H), S
∗
RA := ASR,
such that S∗RS
∗
L = (SLSR)
∗ is the identity on Φn(H).
Definition 2.2. A cobordism between the compact n-dimensional submanifolds X0 and X1
of M is a compact submanifold with boundary W ⊂ [0, 1] ×M of dimension n+ 1 such that
∂W ⊂ {0, 1}×M, W ∩([0, ǫ)×M) = [0, ǫ)×X0, W ∩((1−ǫ, 1]×M) = (1−ǫ, 1]×X0 ,
for some ǫ ∈ (0, 12). A framing of the cobordism W is a continuous map
B : [0, 1] ×M → Φn+1(R⊕H,H)
such that
kerB(t, x) = T(t,x)W ∀(t, x) ∈W,
and for every t0 ∈ [0, ǫ), t1 ∈ (1− ǫ, 1] and x ∈M we have
B(t0, x) = S
∗
LA0(x) B(t1, x) = S
∗
LA1(x),
where A0 and A1 are framings of X0 and X1. In this case, the pair (W,B) is called a framed
cobordism from (X0, A0) to (X1, A1).
Remark 2.3. In [2] we actually required framings of X ⊂M or W ⊂ [0, 1]×M to be smooth
on X andW , respectively. This requirement can be dropped, because any continuous framing
can be smoothened.
Remark 2.4. Note that if two n-dimensional framed submanifolds (X0, A0) and (X1, A1) are
framed cobordant, then the maps A0, A1 :M → Φn(H) are homotopic: If (W,B) is a framed
cobordism from (X0, A0) to (X1, A1) then S
∗
RB is a homotopy from A0 to A1.
Remark 2.5. If A0 and A1 are framings of the same compact submanifold X ⊂ M , then a
homotopy
H : [0, 1] ×M → Φn(H)
such that
kerH(t, x) = TxX ∀x ∈ X (9)
defines a framing of the trivial cobordism [0, 1]×X: We define B(t, x) := S∗LH(χ(t), x), where
χ : [0, 1] → [0, 1] is a continuous function such that χ = 0 in a neighborhood of 0 and χ = 1
in a neighborhood of 1. Therefore, if A0 and A1 are homotopic through a homotopy H that
satisfies (9), then (X,A0) and (X,A1) are framed cobordant.
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Framed cobordism induces an equivalence relation on the set of n-dimensional framed
submanifolds of M . The set of equivalence classes of this relation is denoted by
Ωfrn(M).
If y1 and y2 are regular values of f :M → H, the corresponding Pontryagin framed manifolds
(f−1(y1), df) and (f
−1(y2), df) are framed cobordant. More generally, if f1 :M → H and f2 :
M → H are proper Fredholm homotopic with regular values y1 and y2, then the corresponding
Pontryagin framed manifolds (f−11 (y1), df) and (f
−1
2 (y2), df) are framed cobordant. Therefore,
the Pontryagin construction induces a map
Fpropn [M,H]→ Ω
fr
n(M).
One of the main results of [2] is that this map is bijective.
Theorem 2.6. ([2, Theorem 7.1]) The map
Fpropn [M,H]→ Ω
fr
n(M)
is bijective.
Therefore, the classification of proper Fredholm maps from M to H modulo proper Fred-
holm homotopy is reduced to the classification of framed submanifolds of M modulo framed
cobordism. The classification of the latter objects was carried out in [2] for all indexes n ≤ 0,
see [2, Theorems 3 and 4].
The following easy result will be useful in order to construct framed cobordisms.
Lemma 2.7. Let (X,A) be a framed submanifold of the Hilbert manifold M and ϕ :M →M
a diffeomorphism that is smoothly isotopic to the identity. Then (X,A) is framed cobordant
to (ϕ(X), A ◦ ϕ−1dϕ−1).
Proof. Let ψ : [0, 1] ×M → M be a smooth map such that ψ(t, ·) is a diffeomorphism for
every t, ψ(t, ·) = id for every t ∈ [0, 13 ] and ψ(t, ·) = ϕ for every t ∈ [
2
3 , 1]. Then the map
Ψ : [0, 1] ×M → [0, 1] ×M, (t, x) 7→ (t, ψ(t, x)),
is a diffeomorphism. Let (W0, B0) be the trivial framed cobordism
W0 := [0, 1] ×X, B0(t, x) := S
∗
LA(x) ∀(t, x) ∈ [0, 1] ×M.
Then the pair (W,B) that is defined as
W := Ψ(W0), B := Ψ∗B0 := B0 ◦Ψ
−1dΨ−1
is readily seen to be a framed cobordism from (X,A) to (ϕ(X), A ◦ ϕ−1dϕ−1). 
Assume that the Hilbert manifold M is simply connected. In this case, framed submani-
folds of M are automatically orientable manifolds, see [2, Remark 4.2]. Actually, a framing
A : M → Φn(H) of the n-dimensional compact submanifold X allows us to compare the
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orientations of the different connected components of X. Indeed, if X0 and X1 are connected
components of X and γ : [0, 1] → M is a path such that γ(0) ∈ X0 and γ(1) ∈ X1, we can
consider the line bundle
(A ◦ γ)∗ det→ [0, 1],
whose fiber at 0, resp. 1, is Λn(Tγ(0)X0), resp. Λ
n(Tγ(1)X1). We shall say that two orientations
of X0 and X1, or equivalently of the one-dimensional spaces Λ
n(Tγ(0)X0) and Λ
n(Tγ(1)X1),
are A-coherent if they extend to an orientation of the above trivial line bundle. The fact that
M is simply connected implies that this notion does not depend on the choice of the path
connecting X0 to X1.
3. The invariant τ
Throughout this section, we assume the Hilbert manifold M to be simply connected.
Definition 3.1. A continuous map A :M → Φ1(H) is said to be orientable if the homomor-
phism
π2(A) : π2(M)→ π2(Φ1(H)) = Z2
is zero. A Fredholm map f : M → H of index one is said to be orientable if its differential
df :M → Φ1(H) is an orientable map.
The orientability of a map fromM to Φ1(H) depends only on its homotopy class. Therefore,
the set of homotopy classes of maps from M into Φ1(H) has the partition
[M,Φ1(H)] = [M,Φ1(H)]or ⊔ [M,Φ1(H)]no,
where the first set denotes the set of orientable homotopy classes and the second one the set
of non-orientable ones. If the one-dimensional framed submanifolds (X0, A0) and (X1, A1)
are framed cobordant, then A0 and A1 are homotopic and hence are either both orientable
or both non-orientable.
Let (X,A) be a one-dimensional framed submanifold of M and assume A to be orientable.
Let S ∼= S1 be a connected component of X and let ϕ : D → M be a continuous map such
that ϕ|∂D is a homeomorphism onto S. Since A(x) belongs to Φ
0
1(H) for every x ∈ S, the
composition A ◦ ϕ gives us a map
A ◦ ϕ : (D, ∂D)→ (Φ1(H),Φ
0
1(H)), (10)
and hence an element
[A ◦ ϕ] ∈ π2(Φ1(H),Φ
0
1(H)) = Z2.
Lemma 3.2. If A is orientable then the element [A ◦ϕ] ∈ Z2 is independent of the choice of
the map ϕ.
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Proof. Denote by ϕ̂ the map ϕ̂(z) = ϕ(z¯), where z¯ is the complex conjugate of z. Since Z2
has only two elements and [A ◦ ϕ] is zero if and only if the map (10) is homotopic to a map
taking values into Φ01(H), we have
[A ◦ ϕ] = [A ◦ ϕ̂].
Now let ψ : D → M be another map mapping ∂D homeomorphically onto S. Up to the
possible replacement of ϕ by ϕ̂, we may assume that the homeomorphisms
ψ|∂D : ∂D→ S and ϕ|∂D : ∂D→ S
are isotopic. Therefore, we can modify ψ without affecting [A ◦ ψ] so that ψ|∂D = ϕ|∂D. By
gluing the maps ψ and ϕ along the boundary of the disk we obtain a map
ψ#ϕ : S2 →M.
The orientability assumption on A guarantees that
π2(A ◦ (ψ#ϕ)) : π2(S
2)→ π2(Φ1(H))
is trivial and this gives us a homotopy from A ◦ ϕ to A ◦ ψ mapping [0, 1] × ∂D into Φ01(H).
Therefore, [A ◦ ϕ] = [A ◦ ψ]. 
Thanks to the above lemma, we can give the following definition.
Definition 3.3. Let (X,A) be a one-dimensional framed submanifold of the simply connected
Hilbert manifold M with A : M → Φ1(H) orientable. For every connected component S of
X we define
σ(S,A) ∈ Z2
to be the element
[A ◦ ϕ] ∈ π2(Φ1(H),Φ
0
1(H)) = Z2,
where ϕ : D→M maps ∂D homeomorphically onto S.
Thanks to Lemma 1.1, σ(S,A) can be expressed in terms of the intersection number with
the space of non-surjective Fredholm operators of index one.
Lemma 3.4. If ϕ : D → M is a continuous map sending ∂D homeomorphically onto a
component S of the one-dimensional framed submanifold (X,A) of M , with A orientable,
then
σ(S,A) = η(A ◦ ϕ,Φsing1 (H)).
The function σ induces the following function τ on the set of orientable framed submani-
folds.
Definition 3.5. In the setting of Definition 3.3, we define τ(X,A) ∈ Z2 to be the parity of
the set of connected components S of X such that σ(S,A) = 0.
In the next proposition, we prove that τ is a framed cobordism invariant.
16 ALBERTO ABBONDANDOLO AND THOMAS ROT
Proposition 3.6. Let (X0, A0) and (X1, A1) be one-dimensional framed submanifolds of the
simply connected Hilbert manifold M . If (X0, A0) and (X1, A1) are framed cobordant and the
maps A0 and A1 are orientable then
τ(X0, A0) = τ(X1, A1).
Proof. Denote by (W,B) a framed cobordism from (X0, A0) to (X1, A1). ThenW is a compact
two-dimensional submanifold of [0, 1]×M and is orientable, thanks to the fact that [0, 1]×M
is simply connected (see [2, Remark 4.2]). Up to an ambient isotopy we may assume that the
function
[0, 1] ×M → R, (t, x) 7→ t,
restricts to a Morse function on W , which we denote by µ. By standard facts about height-
functions, this is equivalent to the fact that the map
W → Gr2(R⊕H), (t, x) 7→ T(t,x)W,
is transverse to the Banach submanifold Gr2(H) of Gr2(R⊕H) consisting of 2-planes that are
contained in (0)⊕H (as usual, we are identifying the tangent spaces to M with H by means
of the fixed trivialization of TM). The set critµ of critical points of µ is precisely the inverse
image of Gr2(H) by the above map. Since B is a framing of W , the above map agrees with
W → Gr2(R⊕H), (t, x) 7→ kerB(t, x).
From Proposition A.2 in Appendix A we deduce that the critical points of µ are precisely the
points (t, x) ∈W at which the map
S∗RB : W → Φ1(H)
intersects Φsing1 (H), and that the intersection occurs at Φ
1
1(H) and is transverse. We conclude
that
η(S∗RB|W ,Φ
sing
1 (H)) = #critµ mod 2.
Morse theory on the orientable surface with boundary W implies that the latter number
coincides modulo two with the number of boundary components of W and hence
η(S∗RB|W ,Φ
sing
1 (H)) = |X0|+ |X1| mod 2,
where |X0| and |X1| denote the number of connected components of X0 and X1. Let Σ be the
closed surface that is obtained from W by capping all the boundary circles by disks. Choose
a capping disk ϕ : D → M for each connected component of X0 and for each connected
component of X1. By using the maps ϕ, we can extend the embedding W →֒ [0, 1] ×M to a
continuous map
ψ : Σ→ [0, 1] ×M
and we define the map
F : Σ→ Φ1(H), F := S
∗
RB ◦ ψ.
THE HOMOTOPY CLASSIFICATION OF PROPER FREDHOLM MAPS OF INDEX ONE 17
We now consider the intersection number of F with Φsing1 (H). Since the capping disk corre-
sponding to the component S of X0, respectively of X1, contributes by σ(S,A0), respectively
σ(S,A1), we obtain
η(F,Φsing1 (H)) = η(S
∗
RB|W ,Φ
sing
1 (H)) +
∑
S
σ(S,A0) +
∑
S
σ(S,A1)
= |X0|+ |X1|+
∑
S
σ(S,A0) +
∑
S
σ(S,A1),
where the first sum ranges over the connected components of X0 and the second one over
those of X1. Note that
|X0|+
∑
S
σ(S,A0) = τ(X0, A0) mod 2,
|X1|+
∑
S
σ(S,A1) = τ(X1, A1) mod 2,
and hence the previous identity reads
η(F,Φsing1 (H)) = τ(X0, A0) + τ(X1, A1). (11)
The surface Σ has the structure of a two-dimensional CW-complex, which we can choose to
have only one two-cell for each connected component of Σ. Since the space [0, 1]×M is simply
connected, ψ is homotopic to a map ψ′ that is constant on the one-skeleton of each connected
component of Σ. Collapsing the one-skeleton of each connected component of Σ produces a
disjoint union of spheres, which we denote by Σ′, and the map ψ′ factorizes through it:
ψ′ : Σ
ψ′
1−→ Σ′
ψ′
2−→ [0, 1] ×M.
Therefore, the map F = S∗RB ◦ ψ is homotopic to a map F
′ that factorizes as
F ′ : Σ
ψ′
1−→ Σ′
ψ′
2−→ [0, 1] ×M
S∗
R
B
−→ Φ1(H).
By the orientability assumption on A0 and A1, we have that π2(S
∗
RB) = 0, and hence S
∗
RB◦ψ
′
2
is homotopic to a constant map. We conclude that F ′ is homotopic to a constant map, and
so is F . From this it follows that
η(F,Φsing1 (H)) = 0,
and identity (11) implies the equality of τ(X0, A0) and τ(X1, A1), 
Thanks to the above result and to the fact that the Pontryagin manifold is uniquely defined
up to framed cobordism, we can give the following definition.
Definition 3.7. Let f : M → H be an orientable proper Fredholm map of index one on a
simply connected Hilbert manifold M . Then τ(f) ∈ Z2 is defined as τ(f
−1(y), df), where
y ∈ H is any regular value of f .
The number τ(f) is invariant under proper Fredholm homotopies.
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4. The models
In this section, we study three particular one-dimensional framed submanifolds of the
Hilbert space ℓ2 of square summable real sequences, which will serve as models for more gen-
eral one-dimensional framed submanifolds. The standard basis of ℓ2 is denoted by e1, e2, e3, . . . .
Example 4.1. The first example is induced by the proper smooth function
f0 : R
2 → R, f0(x, y) := x
2 + y2,
which lifts to the proper Fredholm map of index one
f : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (f0(u1, u2), u3, u4, . . . ).
The vector e1 is a regular value of f and its inverse image is the circle
S0 := f
−1(e1) = {(u1, u2, 0, 0, , . . . ) ∈ ℓ
2 | u21 + u
2
2 = 1}. (12)
Therefore, (S0, df) is a one-dimensional framed submanifold of ℓ
2. Note that, up to the
multiplication factor 2, the restriction of df : ℓ2 → Φ1(H) to the disk
D0 := {(u1, u2, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 ≤ 1} (13)
is the map that was considered in Example 1.2 and hence
σ(S0, df) = 1 and τ(S0, df) = 0.
Example 4.2. Our second model will be a proper Fredholm map of index one having as
Pontryagin manifold a circle with vanishing σ. We start from the smooth map
g0 : C
2 → C× R ∼= R3, (z1, z2) 7→ (2z1z¯2, |z1|
2 − |z2|
2),
which satisfies
|g0(z1, z2)|
2 = (|z1|
2 + |z2|
2)2 ∀(z1, z2) ∈ C
2,
and hence is proper and maps S3 to S2. Its restriction to S3 is the Hopf fibration. Its lift to
ℓ2 is the proper Fredholm map of index one
g : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (g0(u1 + iu2, u3 + iu4), u5, . . . ).
The vector e3 is a regular value of g and its inverse image is the circle S0 that we introduced
in (12):
g−1(e3) = S0.
Therefore, (S0, dg) is a one-dimensional framed submanifold of ℓ
2. The circle S0 can be seen
as the boundary of the embedded disk
ϕ : D→ ℓ2, (x, y) 7→ (x, y,
√
1− x2 − y2, 0, 0, . . . ), (14)
and since dg(u) is surjective for every u ∈ ϕ(D) we have
σ(S0, dg) = η(dg ◦ ϕ,Φ
sing
1 (ℓ
2)) = 0 and τ(S0, dg) = 1.
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Example 4.3. The third example will be a proper Fredholm map of index one having as
Pontryagin manifold a pair of circles with vanishing σ. Consider the map
p0 : C× R→ C× R, (z, t) 7→ (z, t
2),
which maps S2 into the paraboloid
P := {(z, 1 − |z|2) | z ∈ C}.
More precisely, p0 maps both the upper and the lower hemispheres of S
2 diffeomorphically
onto the open disk
P+ := {(z, t) ∈ P | t > 0},
and is the identity on the equator. By composing the Hopf map g0 from Example 4.2 with
p0 we obtain the map
h0 := p0 ◦ g0 : C
2 → C×R ∼= R3,
sending S3 into P . The point (0, 0, 1) ∈ R3 is a regular value of h0 and its inverse image
consists of two circles:
h−10 (0, 0, 1) = {(z1, 0) | |z1| = 1} ∪ {(0, z2) | |z2| = 1} ⊂ C
2.
It is useful to construct an explicit cobordism from the union of these two circles to the empty
set: Let χ : [0, 1] → R be a smooth monotonically increasing function such that χ = 0 on
[0, 14 ], χ(
1
2 ) = 1, χ
′(12 ) > 0 and χ = 2 on [
3
4 , 1]. Let γ : [0, 1]→ P ⊂ R
3 be the path
γ(t) :=
(
χ(t), 0, 1 − χ(t)2
)
,
and consider the smooth homotopy
k0 : [0, 1] × C
2 → C× R ∼= R3, (t, z1, z2) 7→ h0(z1, z2)− γ(t).
The map k0 is easily shown to have the following properties:
(a0) dk0(t, z1, z2)[(s, v)] = dh0(z1, z2)[v] for every (t, z1, z2) ∈ ([0,
1
4 ] ∪ [
3
4 , 1]) × C
2 and every
(s, v) ∈ R× C2;
(b0) 0 is a regular value for k0, the surface k
−1
0 (0) is contained in [0,
1
2 ]×C
2 and its projection
to the second factor is the annulus
Σ0 :=
{
(z cos s, z sin s) | z ∈ C, |z| = 1, s ∈
[
0, π2
]}
⊂ S3 ⊂ C2.
(c0) k
−1
0 (0)∩ ([0,
1
4 ]×C
2) = [0, 14 ]×h
−1
0 (0, 0, 1); in particular, the boundary of k
−1
0 (0) is given
by the two circles {0} × h−10 (0, 0, 1).
The surface k−10 (0) ⊂ [0, 1] × C
2 is the desired cobordism from h−10 (0, 0, 1) to the empty set.
The maps p0 and h0 can be lifted to smooth self-maps of ℓ
2 as follows:
p : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (p0(u1 + iu2, u3), u4, u5, . . . ),
h : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (h0(u1 + iu2, u3 + iu4), u5, u6, . . . ).
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The map p is Fredholm of index zero, whereas h is Fredholm of index one. The vector e3 is
a regular value of h and
h−1(e3) = S0 ∪ S1,
where S0 is the circle introduced in (12) and S1 is the circle
S1 := {(0, 0, u3, u4, 0, 0, . . . ) ∈ ℓ
2|u23 + u
2
4 = 1}. (15)
Therefore,
dh : ℓ2 → Φ1(ℓ
2)
is a framing of S0 ∪ S1. The value of σ(S0, dh) and σ(S1, dh) are computed in Lemma 4.4
below. Similarly, the homotopy k0 lifts to the Fredholm homotopy of index two
k : [0, 1] × ℓ2 → ℓ2, (t, u1, u2, u3, . . . ) 7→ (k0(t, u1 + iu2, u3 + iu4), u5, u6, . . . ).
Conditions (a0), (b0) and (c0) translate into:
(a) dk(t, u) = S∗Ldh(u) for every (t, u) ∈ ([0,
1
4 ] ∪ [
3
4 , 1])× ℓ
2;
(b) 0 is a regular value for k, the surface k−1(0) is contained in [0, 12 ]× ℓ
2 and its projection
to the second factor is the annulus
Σ :=
{
(x cos s, y cos s, x sin s, y sin s, 0, 0, . . . ) ∈ ℓ2 | x2 + y2 = 1, s ∈
[
0, π2
]}
. (16)
(c) k−1(0) ∩ ([0, 14 ] × ℓ
2) = [0, 14 ] × (S0 ∪ S1); in particular, the boundary of k
−1(0) is given
by the two circles {0} × (S0 ∪ S1).
Therefore, (dk, k−1(0)) is a framed cobordism from (S0 ∪ S1, dh) to (∅, dh).
We now compute the value of σ at (S0, dh) and (S1, dh).
Lemma 4.4. σ(S0, dh) = σ(S1, dh) = 0.
Proof. We can reduce the computation of σ(S0, dh) to the identity σ(S0, dg) = 0 established
in Example 4.2: The homotopy
pt := tp+ (1− t) id : ℓ
2 → ℓ2, t ∈ [0, 1],
is Fredholm and satisfies
dpt(e3) ∈ GL(ℓ
2) ∀t ∈ [0, 1].
Let ϕ : D → ℓ2 be the embedding defined in (14) and recall that dg ◦ ϕ does not meet the
singular set Φsing1 (ℓ
2). Since g(S0) = {e3}, we deduce that the homotopy
dpt ◦ g dg ◦ ϕ : D→ Φ1(ℓ
2)
maps ∂D into Φ01(ℓ
2) for every t ∈ [0, 1]. As this homotopy connects dg ◦ ϕ to dh ◦ ϕ, we
deduce that
σ(dh, S0) = η(dh ◦ ϕ,Φ
sing
1 (ℓ
2)) = η(dg ◦ ϕ,Φsing1 (ℓ
2)) = σ(S0, dg) = 0.
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The computation of σ(dh, S1) can be reduced to the computation above. Indeed, the involu-
tion
s0 : C
2 → C2, (z1, z2) 7→ (z¯2, z¯1),
satisfies h0 ◦ s0 = h0 and hence its lift
s : ℓ2 → ℓ2, (u1, u2, u3, . . . ) 7→ (u3,−u4, u1,−u2, u5, u6, . . . ),
satisfies h ◦ s = h. We have
σ(dh, S1) = σ(dh ◦ s ds, S0) = σ(dh, S0) = 0,
where the first equality follows from the fact that s is a diffeomorphism mapping S0 to S1
and the second one by differentiating the identity h ◦ s = h. 
We conclude this section by discussing the coherence of the orientations of the circles S0
and S1 with respect to the framing dh, as introduced at the end of Section 2. The embedding[
0, π2
]
× S1 → ℓ2, (s, z) 7→ (Re z cos s, Im z cos s,Re z sin s, Im z sin s, 0, 0, . . . )
has image Σ, see (16). We give [0, π2 ] and S
1 the standard orientations, [0, π2 ]×S
1 the product
orientation, Σ the orientation that is induced by the above embedding and S0 ∪ S1 = ∂Σ the
boundary orientation. This defines an orientation of these two circles that we shall refer to
as the standard orientation of S0 and S1. One easily checks that the tangent vectors
− e2 ∈ Te1S0 and e4 ∈ Te3S1 (17)
are positively oriented.
Lemma 4.5. The standard orientations of S0 and S1 are dh-coherent.
Proof. The path
α :
[
0, π2
]
→ ℓ2, t 7→ (cos t, 0, sin t, 0, 0, . . . )
connects e1 ∈ S0 to e3 ∈ S1. The composition F := dh ◦ α is the path of Fredholm operators
index one
F (t)

v1
v2
v3
v4
...
 =

2(v1 sin t+ v3 cos t)
2(v2 sin t− v4 cos t)
4(v1 cos t− v3 sin t) cos 2t
v5
...
 .
The kernel of F (t) has dimension one for every t ∈ [0, π2 ] \ {
π
4 } and dimension two for t =
π
4 .
Therefore, F (t) fails to be surjective for t = π4 . In order to exhibit a non-vanishing section of
the line bundle
F ∗ det→
[
0, π2
]
,
it is convenient to stabilize F : We choose a path of linear mappings
G(t) : Rk → ℓ2, t ∈
[
0, π2
]
,
22 ALBERTO ABBONDANDOLO AND THOMAS ROT
such that the operators
FG(t) : R
k ⊕ ℓ2 → ℓ2, (s, u) 7→ G(t)s + F (t)u,
are surjective. This surjectivity implies that the path
t 7→ kerFG(t)
is continuous into the Grassmannian of (k + 1)-planes in Rk ⊕ ℓ2. Any continuous section of
Λk+1(kerFG) induces a continuous section of F
∗ det thanks to the canonical isomorphism
Λmax(kerF (t))⊗ Λmax(cokerF (t))∗ ∼= Λmax(kerFG(t))
that is induced by the exact sequence
0→ kerF (t)→ kerFG(t)→ R
k → cokerF (t)→ 0,
where the first map is the inclusion, the second one is the restriction of the projection Rk⊕ℓ2 →
R
k and the third one is the composition of G(t) by the quotient projection
ℓ2 →
ℓ2
imF (t)
= cokerF (t).
See [7, Appendix] for more details on this form of stabilization and its use in the definition of
the vector bundle structure of the determinant bundle. In our case, a convenient stabilization
is obtained by choosing k = 1 and
G(t) : R→ ℓ2, G(t)s := 4e3 sin 2t.
The surjectivity of FG(t) follows from the fact that the matrix 0 sin t 0 cos t 00 0 sin t 0 − cos t
2 sin 2t 2 cos t cos 2t 0 −2 sin t cos 2t 0

has rank three for every t ∈ [0, π2 ]. The vectors
u(t) := −e0 cos 2t+ (e1 cos t− e3 sin t) sin 2t,
v(t) := e2 cos t+ e4 sin t,
where e0 := (1, 0) ∈ R× ℓ
2, depend continuously on t and form a basis of kerFG(t), for every
t ∈ [0, π2 ]. Therefore, the path
t 7→ u(t) ∧ v(t)
is a non-vanishing section of Λ2(kerFG). Its value for t = 0 is
u(0) ∧ v(0) = −e0 ∧ e2 = e0 ∧ (−e2),
whereas its value for t = π2 is
u
(
π
2
)
∧ v
(
π
2
)
= e0 ∧ e4.
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The above formulas imply that the orientations of S0 and S1 that are defined by declaring
the vectors
−e2 ∈ Te1S0 and e4 ∈ Te3S1
to be positively oriented are dh-coherent. But these are precisely the standard orientations
of S0 and S1, see (17). 
5. Reduction to the models
In this section, we will show how one-dimensional framed submanifolds of ℓ2 satisfying
suitable assumptions can be reduced to the three models that we introduced in the previous
section. In the following lemma, S0 denotes the circle
S0 = {(u1, u2, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 = 1}
that is framed by the maps df : ℓ2 → Φ1(ℓ
2) and dg : ℓ2 → Φ1(ℓ
2) introduced in Examples
4.1 and 4.2. This circle is the boundary of the embedded disk
D0 = {(u1, u2, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 ≤ 1},
and we recall that
η(df |D0 ,Φ
sing
1 (ℓ
2)) = σ(df, S0) = 1,
η(dg|D0 ,Φ
sing
1 (ℓ
2)) = σ(dg, S0) = 0.
We denote by Br the open ball of radius r centered at the origin in ℓ
2 and by Bcr := ℓ
2 \Br
its complement.
Lemma 5.1. Let A : ℓ2 → Φ1(ℓ
2) be a framing of S0 in ℓ
2. Then there exists a homotopy
H : [0, 1] × ℓ2 → Φ1(ℓ
2)
such that:
(i) H(0, u) = A(u) for every u ∈ ℓ2;
(ii) H(t, u) = A(u) for every (t, u) ∈ [0, 1] ×Bc2;
(iii) kerH(t, u) = TuS0 for every (t, u) ∈ [0, 1] × S0;
(iv) if σ(S0, A) = 1 then H(1, u) = df(u) for every u ∈ D0, whereas if σ(S0, A) = 0 then
H(1, u) = dg(u) for every u ∈ D0.
Proof. We define
F : D0 → Φ1(ℓ
2)
to be the restriction of either df , if σ(S0, A) = 1, or dg, if σ(S0, A) = 0. Therefore,
η(F |D0 ,Φ
sing
1 (ℓ
2)) = η(A|D0 ,Φ
sing
1 (ℓ
2)). (18)
The loops A|S0 and F |S0 are contractible in Φ1(ℓ
2) and, since the homomorphism ∂1 in the
exact sequence (1) vanishes, also in Φ01(ℓ
2). Therefore, there exists a homotopy
H0 : [0, 1] × S0 → Φ
0
1(ℓ
2)
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from A|S0 to F |S0 . Denote by O(ℓ
2) the orthogonal group of ℓ2 and choose a map
U : [0, 1] × S0 → O(ℓ
2)
such that
U(0, u) = I ∀u ∈ S0,
U(t, u)TuS0 = kerH0(t, u) ∀(t, u) ∈ [0, 1] × S0.
Since kerH0(1, u) = kerF (u) = TuS0 for every u ∈ S0 and U is orthogonal, for every u ∈
S0 the operator U(1, u) maps the orthogonal complement of TuS0 onto itself. Since this
orthogonal complement is infinite dimensional, the fact that the orthogonal group of an infinite
dimensional Hilbert space is contractible implies that we can further assume that U(1, u) is
the identity on the orthogonal complement of TuS0, for every u ∈ S0. The homotopy
H1 : [0, 1] × S0 → Φ1(ℓ
2), H1(t, u) := H0(t, u)U(t, u),
satisfies
H1(0, u) = A(u) ∀u ∈ S0,
kerH1(t, u) = TuS0 ∀(t, u) ∈ [0, 1] × S0,
H1(1, u) = F (u) ∀u ∈ S0.
Indeed, the last identity follows from the fact that the operators on both sides of the equality
have the same kernel TuS0 and agree on its orthogonal complement. Extend the map H1 to
the set
({0} × ℓ2) ∪ ([0, 1] ×Bc2) ∪ ([0, 1] × S0) (19)
by setting H1(t, u) = A(u) on the union of the first two sets. Since the set (19) is a retract of
[0, 1] × ℓ2, we can extend H1 to a homotopy
H1 : [0, 1] × ℓ
2 → Φ1(ℓ
2).
This homotopy satisfies (i), (ii) and (iii), whereas the identity appearing in (iv) is for now
guaranteed only on S0. We will achieve the identity on the whole D0 by a further homotopy.
Set A′(u) := H1(1, u). Since A|D0 and A
′|D0 are homotopic through a homotopy mapping
S0 into Φ
0
1(ℓ
2), we have
η(A′|D0 ,Φ
sing
1 (ℓ
2)) = η(A|D0 ,Φ
sing
1 (ℓ
2)).
Using also the fact that A′ and F coincide on S0 and the identity (18), Lemma 1.1 together
with Remark 1.3 implies the existence of a homotopy
H2 : [0, 1] ×D0 → Φ1(ℓ
2)
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such that
H2(0, u) = A
′(u) ∀u ∈ D0,
H2(1, u) = F (u) ∀u ∈ D0,
H2(t, u) = A
′(u) = F (u) ∀(t, u) ∈ [0, 1] × S0.
We now extend H2 to a homotopy
H2 : [0, 1] × ℓ
2 → Φ1(ℓ
2)
satisfying
H2(0, u) = A
′(u) ∀u ∈ ℓ2,
H2(t, u) = A
′(u) ∀(t, u) ∈ [0, 1] ×Bc2,
using that fact that
({0} × ℓ2) ∪ ([0, 1] ×Bc2)× ([0, 1] ×D0)
is a retract of [0, 1]×ℓ2. The concatenation of the homotopies H1 and H2 gives us a homotopy
H with the desired properties. 
In the next lemma, we consider certain framings of S0 ∪ S1, where as before
S0 = {(u1, u2, 0, 0, . . . ) ∈ ℓ
2 | u21 + u
2
2 = 1}, S1 = {(0, 0, u3, u4, 0, . . . ) ∈ ℓ
2 | u23 + u
2
4 = 1}.
Recall that that S0 ∪ S1 is framed by the map dh : ℓ
2 → Φ1(ℓ
2) from Example 4.3 and
σ(S0, dh) = σ(S1, dh) = 0, (20)
by Lemma 4.4, and that the standard orientations of S0 and S1 are dh-coherent, see Lemma
4.5. Moreover, the union of these two circles is the boundary of the annulus Σ that is defined
in (16).
Lemma 5.2. Let A : ℓ2 → Φ1(ℓ
2) be a framing of S0 ∪ S1 such that
σ(A,S0) = σ(A,S1) = 0, (21)
and such that the standard orientations of S0 and S1 are A-coherent. Then there exists a
homotopy
H : [0, 1] × ℓ2 → Φ1(ℓ
2)
such that:
(i) H(0, u) = A(u) for every u ∈ ℓ2;
(ii) H(t, u) = A(u) for every (t, u) ∈ [0, 1] ×Bc2;
(iii) kerH(t, u) = Tu(S0 ∪ S1) for every (t, u) ∈ [0, 1] × (S0 ∪ S1);
(iv) H(1, u) = dh(u) for every u ∈ Σ.
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Proof. By gluing two disks along the two boundary components of Σ, we obtain a two-sphere
in ℓ2. The intersection numbers with Φsing1 (ℓ
2) of the restrictions to this sphere of both A and
dh vanish because the sphere is contractible in ℓ2. Then the identity (20) and the assumption
(21) imply that
η(dh|Σ,Φ
sing
1 (ℓ
2)) = η(A|Σ,Φ
sing
1 (ℓ
2)) = 0.
By Lemma 1.4 there exists a homotopy
H0 : [0, 1] × Σ→ Φ1(ℓ
2)
such that:
H0(0, u) = A(u) ∀u ∈ Σ,
H0(1, u) = dh(u) ∀u ∈ Σ,
H0(t, u) ∈ Φ
0
1(ℓ
2) ∀(t, u) ∈ [0, 1] × ∂Σ.
(22)
The line bundle
H∗0 det→ [0, 1] × Σ (23)
is trivial because the inclusion of {0} × S0 into its basis is a homotopy equivalence and the
restriction of (23) to {0} × S0 is the trivial line bundle
Λ1(kerA|S0) = Λ
1(TS0) ∼= TS0.
Let ξ be a non-vanishing section of (23) whose restriction to {0} × S0 gives us the standard
orientation of S0. Since we are assuming that the standard orientations of S0 and S1 are
A-coherent, the restriction of ξ to {0} × S1 gives us the standard orientation of S1. Consider
the orientations of S0 and S1 that are induced by the restrictions of ξ to {1}×S0 and {1}×S1.
Being dh-coherent, these orientations either both agree with the standard orientations or both
disagree with them, thanks to Lemma 4.5. The first case corresponds to the situation in which
the line bundles
kerH0|[0,1]×S0 → [0, 1] × S0,
kerH0|[0,1]×S1 → [0, 1] × S1,
which satisfy
kerH0|{0}×S0 = TS0 = kerH0|{1}×S0 ,
kerH0|{0}×S1 = TS1 = kerH0|{1}×S1 ,
induce trivial line bundles over T×S0 and T×S1, where T denotes the quotient [0, 1]/{0, 1} ∼=
S1. In this case, we set ǫ := 1. The second situation corresponds to the case in which the
kernel of H0 induces non-trivial line bundles over both T×S0 and T×S1. In this case, we set
ǫ := −1. The relevant fact here is that Lemma 4.5 and the second assumption on A exclude
the possibility that one of these line bundles is trivial and the other one is not.
Then we can find a continuous family of isometries
U(t, u) : Tu∂Σ→ kerH0(t, u), (t, u) ∈ [0, 1] × ∂Σ,
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such that
U(0, u) = idTu∂Σ, U(1, u) = ǫ idTu∂Σ ∀u ∈ ∂Σ.
We can extend these isometries to a map
U : [0, 1] × ∂Σ→ O(ℓ2)
such that
U(t, u)Tu∂Σ = kerH0(t, u),
U(0, u) = I, U(1, u) = ǫI ∀u ∈ ∂Σ.
(24)
Using the fact that Σ is contained in the closed unit ball and Kuiper’s theorem stating that
O(ℓ2) is contractible, we can extend U to a map
U : [0, 1] × ℓ2 → O(ℓ2)
such that
U(0, u) = I ∀u ∈ ℓ2,
U(1, u) = ǫI ∀u ∈ Σ,
U(t, u) = I ∀(t, u) ∈ [0, 1] ×Bc2.
(25)
By (22), (24) and (25), the homotopy
H : [0, 1] × ℓ2 → Φ1(ℓ
2), H(t, u) := U(t, u)H0(t, u)U(t, u),
satisfies the required properties. 
6. How to eliminate or match certain circles
In the next proposition we do not assume the framing A to be orientable (and the Hilbert
manifold M need not be simply connected).
Proposition 6.1. Let (X,A) be a one-dimensional framed submanifold of the Hilbert manifold
M . Assume that ϕ : D→M maps ∂D homeomorphically onto a component X0 of X and
η(A ◦ ϕ,Φsing1 (H)) = 1.
Then (X,A) is framed cobordant to (X \X0, A′) for a suitable framing A′ : M → Φ1(H) of
X \X0.
Proof. Up to a small perturbation, we may assume that ϕ is a smooth embedding. We identify
some open subset M0 of M with the model Hilbert space H, and the latter with ℓ
2. Since the
group of diffeomorphisms ofM that are isotopic to the identity acts transitively on embedded
disks, thanks to Lemma 2.7 we may assume that the image of the embedding ϕ is the disk
D0 ⊂ ℓ
2 that is defined in (13), and hence that X0 is the circle S0 = ∂D0. We can also assume
that M0 ∩ (X \ S0) = ∅. Since the identification
D→ D0, (x, y) 7→ (x, y, 0, 0, . . . )
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is isotopic to either ϕ or z 7→ ϕ(z¯) and the composition of A with either of the latter two
embeddings has intersection number one with Φsing1 (H), we have
η(A|D0 ,Φ
sing
1 (H)) = 1.
We now apply Lemma 5.1 to the restriction of A to M0 ∼= ℓ
2, where
σ(S0, A|ℓ2) = η(A|D0 ,Φ
sing
1 (H)) = 1.
The homotopy given by this lemma extends to the whole M and defines a framing of the
trivial cobordism [0, 1] ×X starting at A and ending at some framing A˜ of X such that
A˜|D0 = df |D0 .
It suffices to show that (X, A˜) is framed cobordant to (X \ S0, A
′) for some framing A′ of
X \ S0.
Consider the smooth Fredholm map of index two
q : [0, 1] × ℓ2 → ℓ2, (t, u) 7→ f(u)− χ(t)e1 =
(
u21 + u
2
2 − χ(t), u3, u4, . . .
)
,
where χ : [0, 1]→ R is a smooth monotonically decreasing function such that
χ(t) = 1 ∀t ∈
[
0, 14
]
, χ
(
1
2
)
= 0, χ′
(
1
2
)
< 0.
One readily checks that 0 is a regular value of q and hence the set
W0 := q
−1(0)
is a two-dimensional submanifold of [0, 1] × ℓ2 (it is diffeomorphic to a disk). We have
W0 ∩
([
0, 14
]
× ℓ2
)
=
[
0, 14
]
× S0,
and
W0 ∩
((
1
2 , 1
]
× ℓ2
)
= ∅,
because χ(t) < 0 for every t > 12 . Therefore, the submanifold
W :=
(
[0, 1] × (X \ S0)
)
∪W0
is a cobordism from X to X \ S0. There remains to construct a framing of this cobordism
starting at A˜. Since 0 is a regular value of f and W0 = q
−1(0), we have
ker dq(t, u) = T(t,u)W0 ∀(t, u) ∈W0.
For t ∈ [0, 14 ] we have
dq(t, u)[s, v] = (2(u1v1 + u2v2), v3, v4, . . . ) ∀(s, v) ∈ R× ℓ
2,
and hence
dq(t, u) = S∗LA˜(u) ∀(t, u) ∈
[
0, 14
]
×D0.
Therefore, the map
B :
([
0, 14
]
×M
)
∪
([
0, 23
]
× (M \M0)
)
∪
([
0, 23
]
×D0
)
→ Φ2(R⊕H,H)
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given by
B(t, u) :=
{
S∗LA˜(u) on
([
0, 14
]
×M
)
∪
([
0, 23
]
× (M \M0)
)
,
dq(t, u) on
[
0, 23
]
×D0,
is well defined and continuous. Since its domain is a retract of [0, 23 ]×M , it extends to a map
B :
[
0, 23
]
×M → Φ2(R×H,H).
We now set
A′(x) := S∗RB
(
2
3 , x
)
∀x ∈M,
and notice that
B
(
2
3 , x
)
= S∗LA
′(x) ∀x ∈M \M0,
and in particular on X \ S. We now extend B to [0, 1] ×M by setting
B(t, x) = ϑ(t)B
(
2
3 , x
)
+ (1− ϑ(t))S∗LA
′(x),
where ϑ : [23 , 1] → [0, 1] is a continuous function such that ϑ(
2
3) = 1 and ϑ(t) = 0 for every
t ∈ [34 , 1]. The map B is easily seen to be a framing of the cobordism W starting at A˜. We
conclude that (X,A) and (X \ S,A′) are framed cobordant. 
The second result of this section allows us to eliminate certain pairs of circles.
Proposition 6.2. Let (X,A) be a one-dimensional framed submanifold of the simply con-
nected Hilbert manifold M with A orientable. Let X0 ∼= S
1 and X1 ∼= S
1 be distinct compo-
nents of X with
σ(X0, A) = σ(X1, A) = 0.
Then (X,A) is framed cobordant to (X \(X0∪X1), A
′) for a suitable framing A′ :M → Φ1(H)
of X \ (X0 ∪X1).
Proof. Since M is simply connected, we can endow the circles X0 and X1 with A-coherent
orientations. We identify some open subsetM0 of M with the model Hilbert space H and the
latter with ℓ2. Therefore,M0 contains the circles S0, S1 and the annulus Σ that are introduced
in Section 4. Since M is simply connected and has dimension greater than three, the identity
component of its diffeomorphism group acts transitively on equipotent finite collections of
oriented embedded circles. Thanks to Lemma 2.7, we can assume that X0 = S0, X1 = S1 and
that the standard orientations of these circles are A-coherent. By Lemma 5.2, we can further
assume that A = dh on Σ.
Let
k : [0, 1] × ℓ2 → ℓ2
be the smooth homotopy introduced in Example 4.3 and set
W0 := k
−1(0).
Then
W :=W0 ∪
(
[0, 1] × (X \ (S0 ∪ S1))
)
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is a cobordism from X to X \ (S0 ∪ S1). By Property (a) in Example 4.3 and by the identity
A|Σ = dh|Σ, the map
B :
([
0, 14
]
×M
)
∪
([
0, 23
]
× (M \M0)
)
∪
([
0, 23
]
× Σ
)
→ Φ2(R⊕H,H)
given by
B(t, u) :=
{
S∗LA(u) on
([
0, 14
]
×M
)
∪
([
0, 23
]
× (M \M0)
)
,
dk(t, u) on
[
0, 23
]
×D,
is well defined and continuous. Since its domain is a retract of [0, 23 ]×M , it extends to a map
B :
[
0, 23
]
×M → Φ2(R⊕H,H).
We now set
A′(x) := S∗RB
(
2
3 , x
)
∀x ∈M,
and notice that
B
(
2
3 , x
)
= S∗LA
′(x) ∀x ∈M \M0,
and in particular on X \ (S0 ∪ S1). We now extend B to [0, 1] ×M by setting
B(t, x) = ϑ(t)B
(
2
3 , x
)
+ (1− ϑ(t))S∗LA
′(x),
where ϑ : [23 , 1] → [0, 1] is a continuous function such that ϑ(
2
3) = 1 and ϑ(t) = 0 for every
t ∈ [34 , 1]. Thanks to the properties (a), (b) and (c) from Example 4.3, the map B is a framing
of the cobordismW starting at A. We conclude that (X,A) and (X \(S0∪S1), A
′) are framed
cobordant. 
We conclude this section by the following result, telling us how to construct a framed
cobordism matching two circles.
Proposition 6.3. Let X0 and X1 be embedded circles in the simply connected Hilbert manifold
M . Let A0, A1 :M → Φ1(H) be homotopic and orientable framings of X0 and X1, respectively,
with
σ(X0, A0) = σ(X1, A1). (26)
Then (X0, A0) and (X1, A1) are framed cobordant.
Proof. We identify some open subset of M with the model Hilbert space H and the latter
with ℓ2. In particular, we see the disk D0 and its boundary S0 as subsets of M . Thanks to
Lemma 5.1, we may assume that X0 = X1 = S0 and that
A0|D0 = A1|D0 .
Indeed, Lemma 5.1 gives us the same model for A0|D0 and A1|D0 thanks to the assumption
(26). Now let
H0 : [0, 1] ×M → Φ1(H)
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be a homotopy from A0 to A1. Since A0 and A1 coincide on D0, the paths
t 7→ H0(t, u), u ∈ D0,
are closed in Φ1(H) and hence define an element a of π1(Φ1(H)) = Z2 that is independent of
the choice of u ∈ D0 because D0 is connected. Up to replacing H0 by another homotopy from
A0 to A1, we may assume that a is the trivial element: Indeed, if this is not the case we can
replace H0 by the homotopy
[0, 1] ×M → Φ1(H), (t, x) 7→ H0(t, x)T (t),
where T : [0, 1] → Φ0(H) is a path such that T (0) = T (1) = I and inducing the non-trivial
element in π1(Φ0(H)) = Z2.
It is now easy to modify H0 into a new homotopy H having the further property
H(t, u) = A0(u) = A1(u) ∀(t, u) ∈ [0, 1] ×D0. (27)
This homotopy induces a framing of the trivial cobordism [0, 1] × S0, see Remark 2.5, and
shows that (X0, A0) and (X1, A1) are framed cobordant.
The construction of H is standard, but for the sake of completeness we give the details.
We denote by Q the square [0, 1]2 and we define
H1 : ∂Q×D0 → Φ1(H)
by
H1(s, t, u) :=
{
H0(t, u) if s = 0,
A0(u) = A1(u) if t ∈ {0, 1} or s = 1.
Our assumption on H0 implies that the closed curve H1|∂Q×{u} is contractible in Φ1(H), for
every u ∈ D0. Therefore, we can extend H1 to a map
H1 : Q×D0 → Φ1(H).
Now we set
C := ([0, 1] × {0, 1}) ∪ ({0} × [0, 1]) ⊂ Q,
and we define a map
K : (C ×M) ∪ (Q×D0)→ Φ1(H)
by
K(s, t, u) :=

H0(t, u) if s = 0,
A0(u) if t = 0,
A1(u) if t = 1,
H1(s, t, u) if u ∈ D0.
Since C is a deformation retract of Q and D0 is a retract of some neighborhood of it in M ,
the set (C ×M) ∪ (Q×D0) is a retract of Q×M and the map K extends to a map on the
whole Q×M . The restriction
H : [0, 1] ×M → Φ1(H), (t, u) 7→ K(1, t, u),
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is a homotopy from A0 to A1 satisfying (27). 
7. Proof of the main theorem
We can now state and prove the main theorem of this article.
Theorem 7.1. Let M be a simply connected Hilbert manifold. Then the one-dimensional
framed submanifolds (X0, A0) and (X1, A1) are framed cobordant if and only if the following
conditions are satisfied.
(i) The maps A0, A1 :M → Φ1(H) are homotopic.
(ii) If A0 and A1 are both orientable, then τ(X0, A0) = τ(X1, A1). If A0 and A1 are not
orientable, then no further condition is necessary.
Furthermore, the map
(X,A) 7→
{
([A], τ(X,A)) if A is orientable,
[A] if A is not orientable,
(28)
induces a bijection
Ωfr1 (M)
∼= ([M,Φ1(H)]or × Z2) ⊔ [M,Φ(H)]no.
Proof. Let us first assume that (X0, A0) and (X1, A1) are framed cobordant. Then A0 and
A1 are homotopic, as observed in Remark 2.4, so (i) holds. In particular, they are either both
orientable or both not orientable. If additionally A0 and A1 are orientable, then Proposition
3.6 implies that τ(X0, A0) = τ(X1, A1). Therefore, (ii) holds.
Conversely, assume that (i) and (ii) hold. We first consider the case in which A0 and A1
are not orientable. This means that our only assumption is that A0 and A1 are homotopic.
Let S be a connected component of X0. Since A0 is not orientable, we can find a map
ϕ : D→M
mapping ∂D homeomorphically onto S such that
η(A ◦ ϕ,Φsing1 (H)) = 1.
By Proposition 6.1, (X0, A0) is framed cobordant to (X0 \ S,A
′
0), for some suitable framing
A′0 :M → Φ1(H) of X0\S. By iterating this argument, we can eliminate all components of X0
and obtain that (X0, A0) is framed cobordant to (∅, A˜0), for a suitable map A˜0 :M → Φ1(H)
which is homotopic to A0, and hence (X0, A0) is framed cobordant to (∅, A0), because any
homotopy of Fredholm maps defines a cobordisms from the empty set to itself. By the same
reason, also (X1, A1) is framed cobordant to (∅, A1). Since A0 and A1 are homotopic, the
pairs (∅, A0) and (∅, A1) are framed cobordant and so are the given framed submanifolds
(X0, A0) and (X1, A1).
Now we consider the case in which A0 and A1 are orientable. Arguing as in the previous
case, we can eliminate from X0 all the components S with σ(S,A0) = 1. Up to a first framed
cobordism, we can then assume that all the components of S of X0 satisfy σ(S,A0) = 0.
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Thanks to Proposition 6.2, up to a second framed cobordism we can eliminate one by one
pairs of components of X0 until we remain with just one or no components. This shows that
(X0, A0) is framed cobordant to some (X
′
0, A
′
0), where X
′
0 is either empty or is consists of one
component and satisfies σ(X ′0, A
′
0) = 0. The first case arises when τ(X
′
0, A
′
0) = τ(X0, A0) = 0,
the second one when τ(X ′0, A
′
0) = τ(X0, A0) = 1.
The same is true for (X1, A1): (X1, A1) is framed cobordant to some (X
′
1, A
′
1), where X
′
1
is either empty - if τ(X ′1, A
′
1) = τ(X1, A1) = 0 - or consists of one component and satisfies
σ(X ′1, A
′
1) = 0 - if τ(X
′
1, A
′
1) = τ(X1, A1) = 0. The assumption τ(X0, A0) = τ(X1, A1) tells
us that either X ′0 and X
′
1 are both empty, or they both consist of one component. In the first
case, a framed cobordism from (X ′0, A
′
0) to (X
′
1, A
′
1) is induced by a homotopy from A
′
0 to
A′1. In the second case, (X
′
0, A
′
0) and (X
′
1, A
′
1) are framed cobordant thanks to Proposition
6.3. In either case, we conclude that (X0, A0) is framed cobordant to (X1, A1).
By what we have proven so far, the map (28) is well defined and injective. Let us check that
it is surjective. If α ∈ [M,Φ1(H)]or, then any A ∈ α produces the trivial framed submanifold
(∅, A) that satisfies τ(∅, A) = 0. Its framed cobordism class is then mapped to (α, 0) by (28).
If α ∈ [M,Φ1(H)]no, then any A ∈ α produces the trivial framed submanifold (∅, A), whose
framed cobordism class is mapped to α by (28). Therefore, it is enough to show that for any
α ∈ [M,Φ1(H)]or there exists a framed submanifold (X,A) with A ∈ α and τ(X,A) = 1.
Fix some open subsetM0 of M that can be identified with the model Hilbert space H ∼= ℓ
2.
Since Φ1(H) is connected, we can find a map A0 :M → Φ1(H) in the homotopy class α such
that for every u ∈M0 ∼= ℓ
2 the operator A0(u) coincides with the operator
T : ℓ2 → ℓ2, (v1, v2, v3, v4, v5, . . . ) 7→ (0, 0, 0, v5, v6, . . . ).
We can modify A0 and obtain a new map A :M → Φ1(H) that coincides with A0 outside of
M0 and
A(u) = χ(u)dg(u) + (1− χ(u))T ∀u ∈M0 ∼= ℓ
2,
where g is the Fredholm map from Example 4.2 and χ : ℓ2 → R is a continuous function such
that χ = 1 on B2 and χ = 0 on B
c
3. Note that A(u) is a Fredholm operator for every u ∈ ℓ
2
because the difference dg(u)−T has finite rank. Moreover, the map A is homotopic to A0 by
the homotopy
(t, u) 7→ tχ(u)dg(u) + (1− tχ(u))T,
and hence is still an element of α. Since A coincides with dg on B2, it is a framing of S0,
which is now seen as a submanifold of M , and
σ(S0, A) = σ(S0, dg) = 0.
We conclude that τ(S0, A) = 1. 
Theorem 1 from the Introduction is an immediate consequence of the above result and
Theorem 2.6.
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Appendix A. The variety of non-surjective Fredholm operators
Let H be a real infinite dimensional Hilbert space. The symbol L(H) denotes the Banach
space of bounded linear operators on H. We use the notation L(H1,H2) to denote the Banach
space of bounded linear operators between different Hilbert spaces H1 and H2. The space
Φn(H) of Fredholm operators of index n on H is an open subset of L(H).
Let n and k be non-negative integers and set
Φkn(H) = {F ∈ Φn(H) | dimcokerF = k}.
The set Φ0n(H) is open in Φn(H) and its complement, i.e. the space of non-surjective Fredholm
operators of index n, is the disjoint union of the spaces Φkn(H) for k ≥ 1:
Φsingn (H) := Φn(H) \ Φ
0
n(H) =
⊔
k≥1
Φkn(H).
The first aim of this appendix is to show that each Φkn(H) is a submanifold of Φn(H) and to
determine its codimension and tangent spaces.
Proposition A.1. For every non-negative integers n and k, the set Φkn(H) is a smooth
submanifold of Φn(H) of codimension k(n+k). Its tangent space at F ∈ Φ
k
n(H) is the Banach
space
TFΦ
k
n(H) =
{
F̂ ∈ L(H) | (I − P )Fˆ |ker F = 0
}
,
where P : H→ H denotes the orthogonal projector onto the image of F .
Proof. Fix some F0 ∈ Φ
k
n(H) and consider the orthogonal splittings
H = H0 ⊕H
⊥
0 = H1 ⊕H
⊥
1 ,
where
H0 := kerF0, dimH0 = n+ k,
H1 := (imF0)
⊥, dimH1 = k.
We can write F0 in block matrix form as
F0 =
(
0 0
0 D0
)
: H0 ⊕H
⊥
0 → H1 ⊕H
⊥
1 ,
where D0 : H
⊥
0 → H
⊥
1 is an isomorphism. The set
U :=
{
F =
(
A B
C D
)
: H0 ⊕H
⊥
0 → H1 ⊕H
⊥
1 | D : H
⊥
0 → H
⊥
1 isomorphism
}
is an open neighborhood of F0 in L(H). The set U is contained in Φn(H) because it consists
of finite rank perturbations of operators of the form(
0 0
0 D
)
, with D : H⊥0 → H
⊥
1 isomorphism,
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which are Fredholm of index n. Let
F =
(
A B
C D
)
be an element of U . Then the operator(
IH0 0
−D−1C I
H⊥
0
)
: H0 ⊕H
⊥
0 → H0 ⊕H
⊥
0
is invertible and (
A B
C D
)(
IH0 0
−D−1C I
H⊥
0
)
=
(
A−BD−1C B
0 D
)
.
The above identity shows that F ∈ U as above belongs to Φkn(H) if and only if it is a zero of
the map
ϕ : U → L(H0,H1),
(
A B
C D
)
7→ A−BD−1C.
The map ϕ is smooth and its differential has the form
dϕ(F )[F̂ ] = Â− B̂DC +BD−1D̂D−1C −BD−1Ĉ, (A.1)
for every
F =
(
A B
C D
)
∈ U and F̂ =
(
Â B̂
Ĉ D̂
)
∈ L(H).
The linear mapping dϕ(F ) : L(H)→ L(H0,H1) is surjective for every F ∈ U , as its restriction
to operators of the form (
Â 0
0 0
)
, Â ∈ L(H0,H1),
is clearly surjective. Since the target space L(H0,H1) is finite dimensional, the kernel of dϕ(F )
is complemented in L(H) and hence dϕ(F ) is a left inverse. This shows that ϕ is a submersion
and hence
Φkn(H) ∩ U = ϕ
−1(0)
is a smooth submanifold of Φn(H) of codimension
codimΦkn(H) ∩ U = dimL(H0,H1) = k(n+ k).
The fact that F0 ∈ Φ
k
n(H) was arbitrarily chosen implies that the same is true for Φ
k
n(H). By
(A.1), the tangent space of Φkn(H) at
F0 =
(
0 0
0 D0
)
: H0 ⊕H
⊥
0 → H1 ⊕H
⊥
1 ,
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is
TF0Φ
k
n(H) = ker dϕ(F0) =
{
F̂ =
( Â B̂
Ĉ D̂
)
: H0 ⊕H
⊥
0 → H1 ⊕H
⊥
1 | Â = 0
}
=
{
F̂ ∈ L(H) | (I − P )F̂ |kerF0 = 0
}
,
where P : H→ H is the orthogonal projector onto the image of F0. 
We conclude this section by discussing the transversality statement that is used in the
proof of Proposition 3.6. Here, Φn+1(R ⊕ H,H) denotes the space of Fredholm operators of
index n+ 1 from R⊕H to H, and if B is in Φn+1(R⊕H,H) then
S∗RB = BSR ∈ Φn(H)
is the composition of B with the operator
SR : H→ R⊕H, v 7→ (0, v).
Proposition A.2. Let n ≥ 0 be an integer, Σ a finite dimensional manifold, and
G : Σ→ Φn+1(R ⊕H,H)
a smooth map such that G(x) is surjective for every x ∈ Σ. Set
F : Σ→ Φn(H), F := S
∗
RG.
Then for every x ∈ Σ we have:
(i) F (x) belongs to Φsingn (H) if and only if it belongs to Φ1n(H), if and only if kerG(x) belongs
to the Grassmannian Grn+1(H) of (n+1)-planes in R⊕H that are contained in (0)⊕H.
(ii) The map F is transverse to the submanifold Φ1n(H) at x if and only if the map
kerG : Σ→ Grn+1(R ⊕H) (A.2)
is transverse at x to the submanifold Grn+1(H) of Grn+1(R⊕H).
Note that the map (A.2) is smooth because G takes values in the space of surjective
operators. In the proof of the above we shall make use of the following standard result in
transversality theory.
Lemma A.3. Let p :M → N be a smooth submersion between Banach manifolds. Let N0 be
a finite-codimensional submanifold of N and M0 := p
−1(N0) the corresponding submanifold
of M . Let f : Σ → M be a smooth map from a finite dimensional manifold Σ to M and set
g := p ◦ f : Σ→ N . Then f is transverse to M0 at some x ∈ Σ if and only if g is transverse
to N0 at x.
The above lemma is an immediate consequence of the corresponding statement in the linear
category, whose proof is straightforward: Let X and Y be Banach spaces, let P : X → Y be a
continuous linear operator which is a left inverse, let Y0 be a finite-codimensional closed linear
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subspace of Y and set X0 := P
−1Y0. Then a linear map F : R
n → X satisfies imF +X0 = X
if and only if the composition PF : Rn → Y satisfies imPF + Y0 = Y .
Proof of Proposition A.2. (i) The fact that G(x) is surjective implies that the cokernel of
F (x) = S∗RG(x) is at most one-dimensional. Therefore, F (x) belongs to Φ
sing
n (H) if and only
if it belongs to Φ1n(H). Since F (x) is Fredholm of index n, this happens if and only if the
kernel of F (x) has dimension n+1. But this is equivalent to the fact that the kernel of G(x),
which has always dimension n+ 1, is (0)⊕ kerF (x), i.e. is contained in (0)⊕H.
(ii) The set
Φ0n+1(R⊕H,H) := {B ∈ Φn+1(R⊕H,H) | B is surjective}
is open in L(R⊕H,H), and the map G takes values into it:
G : Σ→ Φ0n+1(R⊕H,H).
The map
ker : Φ0n+1(R ⊕H,H)→ Grn+1(R⊕H), B 7→ kerB, (A.3)
is a smooth submersion, and we set
B := ker−1(Grn+1(H)) = {B ∈ Φ
0
n+1(R ⊕H,H) | kerB ⊂ (0)⊕H}.
Note that the continuous linear mapping
S∗R : L(R⊕H,H)→ L(H), B 7→ BSR,
has the right inverse
S∗L : L(H)→ L(R⊕H,H), A 7→ ASL,
where SL is the linear operator
SL : R⊕H→ H, (s, v) 7→ v.
It follows that the restriction of S∗R to Φ
0
n+1(R⊕H,H) onto Φn(H), which we denote by
S : Φ0n+1(R⊕H,H)→ Φn(H), B 7→ S
∗
RB,
is a smooth submersion. Moreover
S
−1(Φ1n(H)) = B,
by the same argument used in the proof of (i). By Lemma A.3, the map F = S ◦ G is
transverse to Φ1n(H) if and only if the map G is transverse to B. By a second application
of Lemma A.3, this time with the submersion in Equation (A.3), the latter condition is
equivalent to the fact that the map kerG is transverse to Grn+1(H). 
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